This paper revisits the universal asymmetric 1 → 2 quantum cloning problem. We identify the symmetry properties of this optimization problem, giving us access to the optimal quantum cloning map. Furthermore, we use the bipolar theorem, a famous method from convex analysis, to completely characterize the set of achievable single quantum clone qualities using the fidelity as our figure of merit; from this it is easier to give the optimal cloning map and to quantify the quality tradeoff in universal asymmetric quantum cloning. Additionally, it allows us to analytically specify the set of achievable single quantum clone qualities using a range of different figures of merit.
Introduction
One of the most fundamental, but nevertheless intriguing, feature of quantum mechanics is the impossibility to perfectly clone an arbitrary quantum state. The intrinsic linearity of quantum mechanics facilitates this remarkable difference between classical information and its quantum counterpart, quantum information, which cannot be copied in a perfect manner. This observation is known as the "No-Cloning Theorem 2.1" [WZ82] . It is deeply intertwined with the impossibility of superluminal communication, the impossibility of classical teleportation as well as the impossibility of fully determining an unknown quantum state [Key03] . Even though the No-Cloning Theorem 2.1 gives rise to a lot of impossibilities, it also allows advantageous use within for example quantum cryptography.
The possibilities that open up with the study of the No-Cloning Theorem 2.1 gave rise to a vast research area. This research was fuelled even further by experimental advancements; in these experiments approximate quantum cloning was realized using different techniques [LLSHB02, CJF + 02, ZZZ + 05, NGM + 10].
One question, which turns out to be especially interesting is the question of approximate quantum cloning and its inherent boundaries. An intensive review is given by Cerf and Fiurášek [CF06] and by Scarani, Iblisdir and Gisin [SIGA05] . Even though perfect quantum cloning is impossible, it can be done in an approximate manner. This means that we are looking for a quantum channel, which clones any input state as good as possible. This is called universal quantum cloning, because this setting is independent of the input state, i.e. the figure of merit assessing the quality of the clones is state-independent. In the case in which all clones have the same quality, the cloning procedure is named universal symmetric quantum cloning. If the clones may have different qualities, the cloning procedure is named universal asymmetric quantum cloning. The symmetric quantum cloning is thus a special case of the asymmetric quantum cloning. Quantum cloning has been studied immensely after the universal symmetric 1 → 2 qubit quantum cloning machine was discovered by Bužek and Hillery in 1996 [BH96] . Their machine was shown to be optimal by Bruß, DiVincenzo, Ekert, Fuchs, Macchiavello and Smolin two years later [BDE + 98] . At about the same time, Gisin and Massar presented their work on universal symmetric quantum cloning machines that transform N identical qubits into M identical clones and gave a numerical suggestion for optimality [GM97] . Full optimality was then provided through an analytical proof by Bruß, Ekert and Macchiavello [BEM98] . Naturally, all these universal symmetric quantum cloning machines were extended to the qudit case. This was independently done by Bužek and Hillery [BH98] and Cerf [Cer98] , who analyzed the 1 → 2 quantum cloning case for qudits, as well as Werner, who constructed the unique optimal symmetric N → M qudits quantum cloning machine and together with Keyl shows full optimality using group theoretical methods [Wer98, KW99] . The thorough exploration of the asymmetric case began with papers by Bužek, Hillery and Bednik [BHB98] , Niu and Griffiths [NG98] and Cerf [Cer98, Cer00b] , in which they independently analyze and derive the universal asymmetric 1 → 2 qubit quantum cloning machine. Furthermore, they generalized their results from qubits to qudits [BBH01, Cer00a] . The more general universal asymmetric N → M qubit cloning machines were introduced by Iblisdir, Acín, Gisin, Fiurážek, Filip and Cerf [IAC + 05] and, using a technique from group theory, by Iblisdir, Acín and Gisin [IAG06] . The extensions to qudits was then presented by Fiurážek, Filip and Cerf in an additional paper [FFC05] . The inherent tradeoff among various output fidelities was further clarified and visualized by Jiang and Yu [JY10] . Moreover,Ćwikliński, Horodecki and Studziński further discussed the asymmetric quantum cloning case in their paper [ĆHS12] , in which they provide a general result on an admissible region of fidelities for universal 1 → N qubit quantum cloning machines. This result was extended to qudits by Studziński,Ćwikliński, Horodecki and Mozrzymas using a general group representation approach [SCHM14] . Simultaneously, Kay together with Ramanathan and Kaszlikowshi analyzed special cases of the universal N → M qudit quantum cloning machines, such as the universal asymmetric 1 → N qudit cloning problem or the universal asymmetric N − 1 → N qubit cloning problem [KKR09, KRK13, Kay14] . This paper is concerned with the universal asymmetric 1 → 2 quantum cloning. We are thus interested in a quantum channel, also called optimal cloning map, that produces two good approximate clones from one input state, such that the qualities of these two clones must not be equal and are independent of the input state. In other words, if we fix the quality of one of the clones, the optimal cloning map maximizes the quality of the other clone independent of the input state. There exists a natural tradeoff between the qualities of the two clones: if the quality of one clone increases, intuitively it is clear that the quality of the other clone must decrease, complying to the No-Cloning Theorem 2.1. The goal of this paper is to quantify this intuitive behavior regarding the quality of the two clones and to rediscover this optimal cloning map corresponding to universal asymmetric 1 → 2 quantum cloning. The arising asymmetric quantum cloning map agrees with previous results; we derive it, however, using methods from Eggeling and Werner [EW01] and Vollbrecht and Werner [VW01] originally used in order to study separability properties and entanglement measures under symmetry respectively. Furthermore, in this paper we analytically derive the set of achievable single quantum clone qualities using different figures of merit by means of convex analysis techniques. This powerful but simple method is what sets it apart from previous results.
The paper is organized as follows: In the next chapter, we give a brief overview of the setting under consideration in this paper. Chapter 3 discusses figures of merit with which the quality of the clones are assessed. In order to quantify the asymmetric tradeoff in the quality of the clones, single clone figures of merit are investigated solely. In Chapter 4 we observe that the optimal quantum cloning channel is a quantum channel featuring specific symmetry properties. These symmetry properties determine the Choi-Jamiolkowski state. The ChoiJamiolkowski channel state duality establishes that all properties of the quantum channel are encoded in the corresponding state. Reformulating the asymmetric quantum cloning problem using this Choi-Jamiolkowski state yields the optimal quantum cloning channel, given in Theorem 5.5 in Chapter 5. Furthermore, in this chapter, we draw the connection to semidefinite programming, which may also be used to solve the convex quantum cloning optimization problem. In Chapter 6 we use the bipolar theorem, a technique known from convex analysis, to fully characterize the set of all attainable single quantum clone fidelities. Theorem 6.4 summarizes this main result. Additionally, the set of all achievable single quantum clone qualities using a range of different figures of merit are given in Corollary 6.6. These sets are depicted in figures found in the appendix.
The Setting of Universal Asymmetric Quantum Cloning
We consider systems on a finite dimensional Hilbert space H = C d . Denote as M d the set of all complex-valued d × d-matrices. Every quantum state is described by a density matrix ρ ∈ M d with normalization Tr [ρ] = 1 and positivity property ρ ≥ 0. The set of all d-dimensional density matrices or quantum states is denoted as
. A transformation of a quantum state is described by a quantum channel, which is a completely positive trace preserving linear map T :
the unitary group acting on our Hilbert We are considering the universal asymmetric 1 → 2 quantum cloning case. The main setup is illustrated in Figure 1 . The quantum cloning channel, 
, where the involution i →ī corresponds to the permutation {2, 1} of {1, 2}
1 . Subscripts usually denote the underlying system. The corresponding Choi-matrix defined as M d 3 τ 012 := (id ⊗T ) (|Ω Ω|), where |Ω Ω| denotes the maximally entangled state, therefore has three subscripts, 1 and 2 corresponding to the two marginals of the quantum channel T and a third subscript 0 corresponding to the identity channel to which T is tensored. Intuition lets us postulate, that the closer T 1 (ρ) is to ρ, the further away is T 2 (ρ) to ρ. Otherwise the No-Cloning Theorem 2.1 is violated. In order to analyze this intuition and to quantitatively describe it, some further definitions are needed. 
Proof. See [WZ82] , or for the convenience of the reader we give a proof in the following. The theorem is a consequence of linearity. Let {|ψ i ψ i |} n i=1 be a set of orthogonal pure states and {λ i } n i=1 be a set of probabilities such that λ i = 0 for all i. If there was a map T as specified in the theorem, then
which has rank n, while,
which has rank n 2 2.
The Figure of Merit assessing Single Clone Qualities
In order to assess the quality of the clones, we will consider a distance measure d on the space of linear operators. This distance measure d(·, ·) :
quantifies the quality of a clone. Since we are interested in the asymmetric tradeoff within the quality of the clones, the figure of merit is used to quantify the quality of a single clone. We will thus compare each marginal T i to the identity map; that is, we are going to consider d(T i , id) for i = 1, 2. Our goal is to fully specify the set of all attainable single quantum clone qualities,
using this figure of merit.
Required properties of our figure of merit: Let L, S : M d → M d be quantum channels. We require the figure of merit to have the following properties due to technical reasons.
(i) Joint concavity:
for all L and S, where L = λL
(ii) Unitary invariance:
and where · * denotes the adjoint or conjugate transpose.
(iii) Furthermore, for reasons that will become clear later, we require that the origin is attainable, i.e. that {0} ∈ C. This requirement means that we are not necessarily considering a metric as a distance measure.
Figure 2: Set of all attainable single quantum clone qualities C 1 . The figure of
An example of a valid distance measure that fulfills these properties is given by a variant of the induced trace norm distance
It characterizes the maximum probability of not distinguishing the outputs of the two channels T i , i = 1, 2, and the identity channel id over all pure state inputs. This distance measure is specifically chosen in this way to always contain the origin,
as illustrated in Figure 2 , for reasons that will become clear later. Furthermore, we can notice that if 1 − 1 2 sup ρ T i (ρ) − ρ 1 = 1, then the marginal must be given by T i (ρ) = ρ, with i = 1, 2. If we now let the other marginal be given by Tī(ρ) = σ, withī = 2, 1, for some fixed quantum state Another example, which is going to be of interest to us later on, is the fidelity
where τ 0i := id ⊗T i (|Ω Ω|) is the Choi-Jamiolkowski state of the marginal map and |Ω Ω| is the maximally entangled state with |Ω =
|ii . It measures the overlap of the output with the maximally entangled state, if T i acts on half a maximally entangled state.
Other examples that might be of interest are a variant of the induced Frobenius norm distance
a variant of the induced operator norm distance
and a variant of the diamond norm distance, which is a stabilized version of the induced trace norm distance,
with i = 1, 2. Note that all these distance measures are adjusted by d k max , k = 1, 2, ∞, , the maximum value that the norm may take such that the origin is always contained in the corresponding set of all attainable single quantum clone qualities. This is the case, because we always look at the worst case scenario over all quantum states.
The goal is to characterize all possible quantum clone qualities; it is thus of interest to us to consider the following optimization problem
with z 1 , z 2 ∈ R for different figures of merit, k = F, 1, 2, ∞, . This optimization problem gives the upper boundary of the set of all attainable single quantum clone qualities. The set of admissible quantum channels T is compact, since the set is bounded and closed in a finite dimensional vector space. The supremum in Eq. (3.6) is therefore attained for some optimal quantum channel T optimal , which is the optimal quantum cloning channel, as it gives the best tradeoff possible within the qualities of the quantum clones.
The Symmetry Properties of the Optimal Quantum Cloning Channel
In order to find the optimal quantum cloning channel, it is of interest to us to identify special symmetry properties of this quantum channel. Let us define what we mean by a symmetrized quantum channel, because it turns out that the optimal quantum cloning channel is exactly of this type.
Definition 4.1 (Symmetrized quantum channel). A symmetrized quantum channelT :
where dU denotes the normalized Haar measure on the unitary group U (d) and U (·) = U · U * is the ideal quantum channel. Note that we will always use a tilde to denote a symmetrized quantum channel.
This symmetrization (also called twirling and in quantum information first introduced in [EW01, VW01]) can be considered as averaging over the unitary group U (d) on our Hilbert space H. Let us consider a symmetrized quantum cloning channelT :
for every quantum state ρ ∈ D d . It turns out that this symmetry property also applies to its marginals; see the following Lemma 4.1.
Lemma 4.1. The marginal maps
Proof. The marginal maps of a symmetrized quantum channel are given bỹ
for both marginals i = 1, 2 2. These symmetrized marginal maps satisfy the so-called covariance propertỹ
Proof. Using the definition of a symmetrized quantum channel yields
where we have defined W := V * U with unitaries U, V ∈ U (d) and used the properties of the Haar measure 2.
The figure of merit that assesses the single clone qualities is influenced by this covariance property in the following way, namely
for k = F, 1, 2, ∞, , where we have used the joint concavity property (i) of the figure of merit. The optimization problem given by Eq. (3.6) therefore simplifies, because the supremum is attained for a symmetrized quantum channelT , i.e. we have
with z 1 , z 2 ∈ R, for k = F, 1, 2, ∞, .
The Optimal Quantum Cloning Channel
The last chapter has shown that the optimal quantum cloning channel is of a symmetrized form. This gives rise to a specific structure of its Choi-Jamiolkowski state, which we are going to exploit to solve the optimization problem in Eq. (4.2). This chapter therefore discusses the implication of the symmetrized optimal quantum cloning channel on its Choi-Jamiolkowski state and uses this additional structure to derive the optimal quantum cloning channel. The Choi-Jamiolkowski state of a quantum channel T is defined as
|ii . We would like to simplify our optimization problem given by Eq. (4.2) even further using this Choi-Jamiolkowski state. For this purpose, we would like to show that τ,Ū ⊗ U ⊗ U = 0 for unitary U ∈ U (d), in the case of a symmetrized quantum channel, where· denotes the complex conjugate.
The proof of this Lemma 5.1 can be found in the Appendix A.1. We may now use this Lemma 5.1 to prove the following Corollary 5.2.
Corollary 5.2. Let τ := id ⊗T (|Ω Ω|) be the Choi-Jamiolkowski state of some symmetrized quantum channelT , as in Definition 4.1, then the following holds
due to the covariance property ofT . Application of Lemma 5.1 finishes the proof 2.
Proposition 5.3. If for a Choi-Jamiolkowski state τ ∈ M d 3 we have that
where t 0 denotes the partial transpose on the first system.
The proof of this Proposition 5.3 can be found in the Appendix A.2. The optimization problem given by Eq. (4.2) was reduced to a supremum over all symmetrized quantum channels, because we found that the optimal quantum cloning channel must be of this form. Using Corollary 5.2, we may, without loss of generality, restrict to quantum cloning channels whose ChoiJamiolkowski matrix τ commutes with Ū ⊗ U ⊗ U : U ∈ U (d) and we would like to reformulate our problem by means of τ . where S n is the symmetric group on n elements, π are all possible permutations of n elements and a π ∈ C. The permutation operators V π are defined via
Proof.
The theorem immediately follows from [Sim96, Theorem IX.11.5]. Denote by SU(d) the special unitary group of finite degree d and by S n the symmetric group on n elements. Let A be the group algebra of SU(d) and B be the group algebra of S n generated by their unitary representation on H. Since SU(d) and S n act dually on C d ⊗n , we have A = B. The commutant is thus exactly the algebra generated by the permutation operators V π . If an operator commutes with all unitaries of the form U ⊗n , it must therefore be an element of this algebra, i.e. a linear combination of permutation operators 2.
Considering Lemma 5.3, we know that τ t0 commutes with all unitaries of the form U ⊗ U ⊗ U . Furthermore, by Theorem 5.4, τ t0 must be given by a linear combination of permutation operators, in our case acting on three elements,
with a π ∈ C, where V (01) denotes the permutation operator of the first two factors (similarly for V (02) and V (12) ), V (012) denotes the cyclic permutation and similarly V (210) denotes the anticyclic permutation [EW01, VW01] . The marginal maps are thus given as
and
with a 1 , . . . , a 6 ∈ C, where we again denote by |Ω Ω| := As a quantum channel,T is a completely positive trace preserving linear map and it must thus fulfill specific properties. Due to the Choi-Jamiolkowski state-channel duality, the operator τ encodes all of its properties [HZ12, Chapter 4.4.3]. Denote byT * the dual of the quantum channelT corresponding to the Heisenberg picture. Properties:
a 1 , . . . , a 4 ∈ R and a 5 =ā 6 ∈ C. Note that ifT (ρ) is a completely positive trace preserving linear map, then so are its marginal mapsT i (ρ) := Trī T (ρ) , i = 1, 2. In order to simplify notation and to visualize agreement to previously known results [BBH01, Cer00a], let
Then the Choi-Jamiolkowski states τ 0i , i = 1, 2, of the marginal mapsT i are
The preservation of trace, property (iii), namely Tr i [τ 0i ] = 1 /d, gives a condition on β i , namely that
Another property that the marginals must fulfill is complete positivity, property (iv), namely τ 0i ≥ 0. This yields
Therefore, the marginal maps and their corresponding Choi-Jamiolkowski states are given as
. Since these properties must not only hold for the marginals, but also for the full quantum channel, consider
(5.7) 
Deciding complete positivity, property (iv), is a bit more tricky and we thus follow the idea of the following papers [EW01, VW01] . One should first of all notice that
is a six-dimensional non-commutative unital C * -algebra. In general, if a von
is a subalgebra of a finite-dimensional matrix algebra, then there exists a unitary U such that
for a decomposition of the Hilbert space 
A convenient basis is then given by [EW01]
Denoting by s k (ρ) := Tr[ρS k ] for k ∈ {+, −, 0, 1, 2, 3} and using the results of Eggeling and Werner [EW01] , we get the following criteria for complete positivity,
Translating this result back into our original notation (see Appendix B) reduces the optimization problem given in Eq. (4.2) to the following convex optimization. Find sup
for k = F, 1, 2, ∞, with z 1 , z 2 ∈ R, where the supremum is taken over all quantum channels of the form
with the corresponding Choi-Jamiolkowski state given by
In case d > 2, it is then clear that a 1 = a 4 = 0 and without loss of generality a 5 = a 6 ∈ R. Then the optimal cloning map and its Choi-Jamiolkowski state is given byT
In the case d = 2, however, the second inequality given by Eq. (5.8e) vanishes. The optimization therefore does not necessarily yield the result a 1 = a 4 = 0 anymore, since these might now take negative values. It turns out that this is a freedom in the parametrization, however, still yielding the same universal optimal quantum cloning channel. We may therefore state the following Theorem 5.5 in full agreement with [BBH01, Cer00a, IAC + 05], in which the optimal universal 1 → 2 asymmetric quantum cloning channel has been derived too. We have, however, mostly used the symmetry idea of Eggeling and Werner as well as Vollbrecht and Werner [EW01, VW01] that exploit a similar symmetry property of the quantum states to study separability properties and entanglement measures.
Theorem 5.5 (Optimal universal 1 → 2 asymmetric quantum cloning channel). The optimal universal 1 → 2 asymmetric quantum cloning channelT optimal : What is interesting to notice is that as the dimension of the underlying Hilbert space d increases, the optimal cloning map approaches the trivial approach to quantum cloning. The trivial approach is represented by the quantum channel
where α ∈ [0, 1]. Instead of cloning the quantum state ρ, an identity channel is applied and an additional state is prepared, the maximally mixed state. Thus, in the limit as the dimension of the underlying Hilbert space increases, d → ∞, even approximate quantum cloning is not possible.
Determining achievable quantum clone qualities numerically
In order to support our findings, it is also possible to rewrite the optimization problem given by Eq. (5.8) as a semidefinite program (SDP) [VB94] . To solve this semidefinite program, we used cvx, a package for specifying and solving convex programs [CR12, GB08] . Let 6 The Set of all achievable Single Quantum Clone Qualities
In the previous part, we were only interested in the optimal asymmetric quantum cloning channel describing the boundary of the set of all achievable single quantum clone qualities. In this chapter, we analytically derive this set using different figures of merit. Let us, however, turn to the fidelity d F (T i , id) = Ω| τ 0i |Ω for i = 1, 2, where τ 0i = id ⊗T i (|Ω Ω|), first, such that the optimization problem is given by
(6.1) This is visualized in Figure 3 , which shows the set of all attainable qualities of the two quantum clones, 
First of all, we notice that for i = 1, 2 andī = 2, 1, if the overlap of τ 0i with the maximally entangled state is Ω| τ 0i |Ω = 1 yielding τ 0i = |Ω Ω| 0i , then the overall state must be τ 012 = |Ω Ω| 0i ⊗ 
In order to describe the set of all achievable single clone qualities, consider
Then, one notices that our optimization problem given by Eq. (6.1) may be rewritten using Lemma 6.1 as
where λ max (H z ) is the maximum eigenvalue of H z . We are thus interested in the largest eigenvalue of H z , denoted as λ max (H z ), i.e.
The set C F defined in Eq. (6.2) may then be expressed using the notion of a polar, which is defined as follows.
Definition 6.1 (Polar [AB07, Definition 5.101]). Consider a finite dimensional vector space X and its dual vector space X * . The one-sided polar A of a nonempty subset A of X, is the subset of X * defined by
Likewise, if B is a nonempty subset of X * , then its one-sided polar is the subset of X defined by
The one-sided bipolar of a subset A of X is the set (A ) written simply as A . The bipolar of a subset of X * is defined in a similar manner.
Lemma B.1, which can be found in the appendix, gives some properties of the one-sided polar, in order to allow a more intuitive handling of this Definition 6.1. With this definition at hand, we may state the Bipolar Theorem 6.2. The Bipolar Theorem 6.2 has numerous applications in functional analysis.
2
In quantum information it always presents a very powerful tool when one wishes to fully characterize a closed convex set, which is exactly what we would like to do here. The one-sided polar C F of the non-empty set C F ⊆ R 2 , defined in Eq. (6.2) is therefore given as
Since the one-sided bipolar C F is just the one-sided polar of the one-sided polar, we get
In order to analyze this even further, one may now realize that every vector ( v−1 , with b ∈ R + and v ∈ R, if z 1 + z 2 < 0, or ±v ∓v , with v ∈ R, if z 1 + z 2 = 0. This is helpful, because b ∈ R + and λ max (H bz ) = bλ max (H z ). Now differentiating these three cases, the one-sided bipolar is
Note that by analyzing the rank of H z we always expect an eigenvalue equal to zero. Therefore, the maximum eigenvalue must always be non-negative, i.e.
λ max (H z ) ≥ 0. It turns out that
Proposition 6.3 (Convexity). The set
By using the Bipolar Theorem 6.2 together with the fact that C F is convex, as shown in Proposition 6.3, closed and contains the origin, we see that
. A cumbersome computation then shows that the boundary of this set is described by
which is illustrated in Figure 4 . We may therefore state the following Theorem 6.4, summarizing the main result. 
where λ max (H z ) denotes the maximum eigenvalue of
given by
The upper boundary of this set is described by
and illustrated in Figure 4 , which can be found in the appendix.
This theorem is in agreement with previously established results [JY10, SCHM14] . Here, the authors have used a group theoretic approach, whereas our main technique comes from convex analysis.
A similar theorem may be stated for different figures of merit, since the set of attainable single clone qualities is convex for any d(T i , id), satisfying the properties discussed earlier, as shown in the following proposition.
Proposition 6.5 (Convexity). The set
is convex.
In the case, where the figure of merit is given by the fidelity, we even get equality. In all other cases for the lower boundary consider the following quantum channel, This immediately gives rise to the following corollary.
Corollary 6.6 (Set of all attainable single quantum clone qualities within universal 1 → 2 asymmetric quantum cloning using different figures of merit).
The set of all attainable single quantum clone qualities in terms of the different figures of merit d k (T i , id) with i = 1, 2 for k = F, 1, 2, ∞, , is given by
where {0} is the origin, x (k) max are the two points where d k (T i , id) reaches its maximum for i = 1, 2 and where the function g :
with the functions f k : R → R specified by
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A.1 Proof of Lemma 5.1
is equivalent to
The other direction follows from
because then for unitary V ∈ U (d) we have
where we have used the invariance property 2.
A.2 Proof of Proposition 5.3
Proof. The set of all attainable single quantum clone qualities in terms of d F (T i , id) = Ω| τ 0i |Ω , i = 1, 2, given by Eq. (6.4a) for different dimensions of the underlying Hilbert space, using MATLAB [The14] .
The upper boundary of this set is given by 1 d + 1 x 
